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Non-Gaussianity in the inflationary perturbations can couple observable scales to modes of much
longer wavelength (even superhorizon), leaving as a signature a large-angle modulation of the observed
cosmic microwave background power spectrum. This provides an alternative origin for a power
asymmetry that is otherwise often ascribed to a breaking of statistical isotropy. The non-Gaussian
modulation effect can be significant even for typical 105 perturbations while respecting current
constraints on non-Gaussianity if the squeezed limit of the bispectrum is sufficiently infrared divergent.
Just such a strongly infrared-divergent bispectrum has been claimed for inflation models with a non-
Bunch-Davies initial state, for instance. Upper limits on the observed cosmic microwave background
power asymmetry place stringent constraints on the duration of inflation in such models.
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Large-scale features in the cosmic microwave back-
ground (CMB) offer interesting avenues for testing phe-
nomena that occurred at very early times in the Universe’s
history. While most inflationary models predict approxi-
mately scale-invariant Gaussian fluctuations, some amount
of non-Gaussianity is invariably generated [1]. In this
Letter, we show that, even for an almost scale-independent
power spectrum of curvature perturbations (i.e., 105 in
amplitude on all scales), primordial non-Gaussianity can
lead to interesting, significant effects on the CMB, in
particular, a large angular scale modulation of the small-
scale power spectrum. This is achieved without violating
stringent observational bounds on non-Gaussianity in the
subhorizon perturbations.
There are some observational indications for a dipolar
modulation of the CMB power spectrum [2–4]. Such an
anisotropic CMB sky can be described by [5]
^ðn^Þ ¼ ½1þ fðn^Þðn^Þ; (1)
where ^ðn^Þ is the observed anisotropic temperature
fluctuation T=T, while ðn^Þ is a statistically isotropic
temperature field, and fðn^Þ is the modulating function.
Note that, while ðn^Þ is statistically isotropic and is thus
(statistically) invariant under a rotation of the coordinate
system, fðn^Þ depends on fixed directions on the sky.
The lowest order modulation is a dipole, as any mono-
pole of fðn^Þ is absorbed in the angle-averaged CMB power
spectrum. The most recent analysis of Ref. [2] obtains a
statistically significant dipolar asymmetry, while the WMAP
team does not confirm this finding [6]. Hanson et al. [7] find
that beam asymmetries provide an explanation for the non-
zero quadrupolar asymmetry. Several scenarios have been
proposed in the literature to explain possible power asym-
metries: References [8,9] considered remnants from the
preinflationary phase, Refs. [10–12] proposed a single
large-scale curvature perturbation, while Ref. [13] studied
a spacelike vector field. These scenarios either involve a
change in the inflation field ’ A across the present
horizon, many orders of magnitude larger than expected
from the amplitude of fluctuations, or a breaking of the
symmetries of the background.
Alternatively, one can interpret a large-scale modulation
of the CMB temperature fluctuations as due to a non-
Gaussian coupling between long and short wave modes
[14,15]. The power spectrum of the Bardeen potential on
short scales is modulated by the presence of long modes if
the fluctuations are non-Gaussian. We can Taylor expand
the power spectrum of short modes (k) in the presence of
long modes (k‘  k) [1]:
Pmod ðkÞ¼PðkÞ

1þ
Z d3k‘
ð2Þ3Gðk;k‘Þðk‘Þ

;
Gðk;k‘Þ
Bðjkþk‘=2j;jkþk‘=2j;jk‘jÞ
Pðk‘ÞPðkÞ ; (2)
where Pmod ðkÞ is the modulated power spectrum and B
is the bispectrum [16]. Gðk;k‘Þ can be understood as a
scale- and orientation-dependent generalization of the
dimensionless nonlinearity parameter fNL.
The scenario we are considering is not statistically an-
isotropic in any fundamental sense; rather, the observed
power spectrum Pmod ðkÞ depends on the direction of k
because the long modes in our particular realization of the
Universe statistically pick out certain directions k‘, and
non-Gaussianity couples these long modes to the observ-
able ones. Also, this effect doesn’t require having a large
amplitude long wave mode ðk‘Þ; a large kernel G in the
squeezed limit is sufficient.
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Observational bounds on primordial non-Gaussianity
are rather tight [19], which might lead one to expect that
the proposed effect must be small. The key point is that
current observational constraints come from modes where
both k‘ and k are within our horizon. This is however not
necessary for Eq. (2) to apply, allowing even superhorizon
modes k‘ that we cannot directly measure to have an
impact on observable modes k in the form of an aniso-
tropic modulation. Two conditions should be met for this
effect to be interesting: (1) the kernel G should be aniso-
tropic, i.e., a nontrivial function of k^  k^‘ and (2) G has to
grow in the squeezed limit, i.e., scale like k=k‘ to some
positive power. Existing constraints effectively bound G
only for moderate ratios of k=k‘, while the superhorizon
modulation effect is sensitive to larger ratios. We will
interpret claims of power asymmetries in the literature as
upper limits and use them to constrain models with such a
strong coupling between short and long modes.
Power asymmetry.—The fluctuations of a statistically
isotropic Gaussian field ðn^Þ are specified through the
spherical harmonic coefficients hlml0m0 i ¼ ll0mm0Cl.
Adopting the notation of Ref. [20], the lm are related to
the Bardeen potential perturbations ðkÞ via
lm ¼ 4
Z d3k
ð2Þ3 ðiÞ
lðkÞlðkÞYlmðk^Þ; (3)
where lðkÞ is the photon temperature transfer function.
The power spectrum of the Gaussian temperature fluctua-
tions is then given by
CðlÞ ¼ 2

Z
k2dkPðkÞjlðkÞj2: (4)
On the other hand, the spherical harmonic coefficients of
the modulated field ^ [Eq. (1)] are
^ lm lm ¼
X
LM;l0;m0
l0m0fLM
Z
d2YlmYLMYl0m0 ;
where we have expressed fðn^Þ in terms of its multipole
moments (with respect to a fixed coordinate system). The
integral over three spherical harmonics can be written in
terms ofWigner 3-j symbols, leading at linear order infLM to
h^lm^l0m0 i ¼ ll0mm0Cl þ
X
LM
fLMGll
0L
mm0M½Cl0 þ Cl;
Gll
0L
mm0M ¼ ð1Þm
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2lþ 1Þð2l0 þ 1Þð2Lþ 1Þ
4
s
 l l
0 L
0 0 0
 !
l l0 L
m m0 M
 !
: (5)
The 3-j symbols entail that lþ l0 þ L is even, m0 mþ
M ¼ 0, and that jl l0j 	 L 	 lþ l0. The latter condition
is particularly relevant since we are interested in the case
where L is much smaller than l, l0. Eq. (5) gives the covari-
ance matrix of ^ in multipole space in terms of the (fixed)
multipole moments fLM and the statistics of. As expected,
the covariance is not diagonal, but it is very close to diagonal
for l, l0 
 L; i.e., it is nonzero only if jl l0j 	 L.
Non-Gaussianity.—We assume that there is some gen-
eral non-Gaussianity described to leading order by a bis-
pectrum B. We are interested in the limit k‘  H0 & k,
where H0 is the Hubble scale today. Following Eq. (2), we
expect that the presence of long-wavelengthmodes together
with the mode coupling induced by non-Gaussianity lead
to a breaking of statistical isotropy through the preferred
direction k‘. Consequently, we now calculate the covari-
ance of the temperature field, given Eq. (2). Multiplying
Eq. (3) withl0m0 and integrating over one of the momenta
leads to
hlml0m0 i ’ ll0mm0Cl þ ð4Þ2
Z d3k‘
ð2Þ3ðk‘Þ
Z d3k
ð2Þ3
 ½lðkÞl0 ðkÞYlmðk^ÞYl0m0 ðk^ÞGðk;k‘ÞPðkÞ;
(6)
where we set jk k‘j ’ k in the squeezed-limit approxi-
mation (corrections scale as k‘=k and higher). We obtain
hlml0m0 i ¼ ll0mm0Cl
þ
Z k2‘dk‘
ð2Þ3
X
LM
Gll
0L
mm0MCll0 ðk‘ÞLMðk‘Þ; (7)
where we have defined
C ll0 ðk‘Þ ¼ 1
Z
k2dk½lðkÞl0 ðkÞ
þ l ðkÞl0 ðkÞPðkÞGLðk; k‘Þ;
Gðk;k‘Þ ¼
X
LM
GLðk; k‘ÞYLMðk^‘ÞYLMðk^Þ; (8)
LMðk‘Þ ¼
Z
dk‘ðk‘ÞYLMðk^‘Þ; (9)
using the fact that the kernel G only depends on the angle
between k and k‘. Comparing with Eq. (4), we see that
Cllðk‘Þ is equal to the temperature power spectrum obtained
when replacingPðkÞ ! GLðk; k‘ÞPðkÞ, i.e., with a differ-
ent initial power spectrum of curvature fluctuations. Thus,
apart from the fact that the non-Gaussian covariance
involves Cll0 instead of Cll þ Cl0l0 , it is identical in structure
to the covariance obtained for the anisotropic field Eq. (5)
[21]. The fractional difference between Cll0 and Cll; Cl0l0 is
of order L=l 1. We will thus approximate Cll0 in Eq. (7)
with ðCll þ Cl0l0 Þ=2.
We conclude that, if GLðk; k‘Þ is significant in the limit
k‘=k! 0 for some L > 0, the temperature fluctuations of
the CMB appear as if they experience a (large-angle) modu-
lation of multipole order L. In particular, this necessitates
an anisotropic coupling of long- and short-wavelength
modes. We now calculate the amplitude of this modulation.
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For scale-free bispectrum shapes, the kernel moments in the
squeezed limit (k‘  k) can be written as
GLðk; k‘Þ ¼ gL

k‘
k

L
; (10)
where gL is a constant and L gives the scaling in the
squeezed limit. We also define the temperature power spec-
trum with a tilted spectral index ns ! ns þ ,
ClðÞ ¼ 2
Z
k2dk

k
k0


PðkÞjlðkÞj2; (11)
where k0 ¼ 0:05 Mpc1 is the pivot scale used to normalize
PðkÞ. By comparing Eq. (7) with Eq. (5), we can then read
off the relation between the long-wavelength perturbations
and the anisotropy coefficients fLM for a given l considered:
fLM ¼ 12
Z k2‘dk‘
ð2Þ3 LMðk‘ÞgL

k‘
k0

L ClðLÞ
Clð0Þ : (12)
The multipole coefficients that give the amplitude and direc-
tion of themodulation are thus related to thegiven realization
of the large-wavelength modes ðk‘Þ. The last factor in
Eq. (12) encodes the fact that in general this modulation is
l dependent; i.e., one is effectively adding a tilted CMB
power spectrum ClðLÞ with angular modulation to the
angle-averaged CMB power spectrum. While we cannot
predict the direction of the power modulation, we can cal-
culate the expectation value of the amplitude, defined as
A  ðPLM¼L jfLMj2Þ1=2. Since the fLM are proportional to
ðk‘Þ, they are Gaussian-distributed complex numbers with
mean zero. The amplitudeA thus follows a distribution for
2Lþ 1 degrees of freedom, with an expectation value of
hAi ¼ gLﬃﬃﬃﬃﬃﬃ
2
p ðL!Þ
24L
ð2LÞ!
Z k‘;max
k‘;min
k2‘dk‘
ð2Þ3 Pðk‘Þ

k‘
k0

2L

1=2
;
 ClðLÞ
Clð0Þ (13)
where we have used
hLMðkÞL0M0 ðk0Þi ¼ LL0MM0 ð2Þ3
Dðk k0Þ
k2
PðkÞ:
If L is sufficiently negative, hAi diverges as we let
the lower integration bound go to zero. Such a prediction
for A can be ruled out to high significance by the data if
the observational limit Alim  hAi. In general, if Pðk‘Þ /
kns4‘ , then L < ð1 nsÞ=2 for some L > 0 in Eq. (10) is
necessary for a significant large-scale asymmetry of the
CMB. Figure 1 shows quantitative results for the expected
asymmetry hAi with L ¼ 1, as a function of the CMB
multipole l. We adopt the ansatz Eq. (10) with g1 ¼ 1
and integrate from k‘;min to k‘;max ¼ 1=lss, where lss is
the comoving distance to the last scattering surface (the
latter choice is unimportant numerically). We choose three
different sets of (1, k‘;min) and use CAMB [22] for the
computation of ClðÞ. Clearly, a significant amplitude of
power asymmetry can be achieved with a range of parame-
ters. The closer is to zero, the smaller k‘;min needs to be to
generate a given amount of asymmetry (at fixed g1). On the
other hand, a more negative 1 leads to a stronger scale
dependence: The amplitude of the modulation approxi-
mately scales as l1 .
Inflationary bispectra that consist of symmetrized poly-
nomials in the three momenta k1, k2, k3 do not lead to a
power asymmetry since the coupling of modes is isotropic
(GL ¼ 0 for L > 0). However, these simple bispectra are
often only obtained as separable approximations to the
more complicated exact bispectra, which may themselves
in fact lead to GL  0. Hence, it is crucial to consider the
full, exact bispectrum when determining whether a given
inflationary model leads to a power asymmetry. It is clear,
however, that such a power asymmetry requires a violation
of the standard consistency relation [1], at least on the
scales of interest, as it contains no anisotropic coupling
between long and short modes. A recent example is solid
inflation [23], which predicts a quadrupolar coupling
between long and short modes. But, since in this model
G does not grow in the squeezed limit, the resulting quad-
rupolar modulation of the power spectrum is small.
An example of a model that does produce a large-scale
power modulation is the ekpyrotic (‘‘case II’’) scenario of
Ref. [24], which generates non-Gaussianities that in the
squeezed limit lead to 1 ¼ 1  and 2 ¼ , where
 > 0 is a red tilt. Thus, in this model, one has divergent
dipole and quadrupole modulations. Another case that
has attracted recent interest is modifications to the initial
state (non-Bunch-Davies) in single-field slow-roll inflation.
These can lead to non-Gaussianity with 1 ¼ 1 [25–31].
The squeezed bispectrum in the simple non-Bunch-Davies
state considered in Ref. [30] reads
FIG. 1 (color online). Expected amplitude hAi of a dipole
modulation (L ¼ 1) as a function of the CMB multipole l for
three sets of values for (1, k‘;min) as indicated in the figure. We
have used Eq. (10) with g1 ¼ 1. Predictions for different L can
be obtained by multiplying with gLðL!Þ24L=2ð2LÞ!.
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Bðjkþk‘=2j; jkþk‘=2j; jk‘jÞ
¼BPðk‘ÞPðkÞ kk‘
Re

~f1
1 eið1þÞk‘=k
1þ þ
~f2
1 eið1Þk‘=k
1

; (14)
where Reð~f1 þ ~f2Þ=2  Nk and Nk is the occupation num-
ber of the momentum state k [32],  ¼ k^  k^‘, k 
1=jinj is related to the conformal time at which the initial
state is specified, and k‘ > k in order for this result to apply.
B is a dimensionless constant equal to 4 in the case studied
in Refs. [30,31], although it could take larger values in more
general models. The kernelGL scales as k=k‘ in this model,
with gL / Nk for even L and L ¼ 1. For odd L, the
modulation scales as ~f1  ~f2, which is suppressed by
k‘=k. We use observational upper limits on the (primordial)
quadrupole modulation amplitude A & 0:1 [7] to place con-
straints on k‘;min ¼ k. Numerical evaluation of Eqs. (13)
and (14) leads to a 95% C.L. lower limit of [33]
k * 2 105h Mpc1NkB; (15)
implying no more than 3e-folds of inflation beyond our
current horizon for NkB 1. This complements the bound
on a non-Bunch-Davies initial state from backreaction argu-
ments, which is sensitive to Nk but notB.
Conclusions.—Large-scale modulations of the CMB
temperature fluctuations offer an interesting testing ground
for the physics of the very early Universe. We have shown
that certain types of primordial non-Gaussianity generi-
cally predict large power asymmetries in the CMB. The
requisite non-Gaussianity can be thought of as an aniso-
tropic, scale-dependent fNL that grows in the squeezed
limit.
Upper limits on such a modulation can put stringent
constraints on this class of models, which includes scenar-
ios with a non-Bunch-Davies initial state. One can roughly
estimate the modulation amplitude from the dimensionless
bispectrum amplitude Gðk;k‘Þ for the longest observable
mode k‘ H10 through
hAi Gðk; k‘ ¼ H10 Þ4 105

H0
k‘;min
L
; (16)
where k‘;min refers to the longest superhorizon mode re-
sponsible for the modulation and L controls how fast G
grows in the squeezed limit (Eq. (10)). Conversely, obser-
vational hints of a power asymmetry provide motivation to
further investigate such models. A convincing detection
of a CMB power asymmetry, if interpreted in terms of this
scenario, would open an observational window to scales
much larger than the present horizon (k‘  1=lss), which
are otherwise completely inaccessible to direct observa-
tion. This fact distinguishes this effect from a modulation
of the temperature power spectrum by a horizon-scale
mode.
We have shown that the power asymmetries are gener-
ally scale dependent and increase toward smaller scales.
Thus, unless one invokes a change in the shape or ampli-
tude of non-Gaussianity on smaller scales, a nondetection
of a similar power asymmetry in the large-scale structure
[34,35] puts further stringent constraints on models that
produce such asymmetries. Furthermore, models with bis-
pectra that peak more strongly in the squeezed limit than
the local model will in fact generate a scale-dependent bias
in large-scale structure tracers [17,18,36] b / kn with
n > 2 [30,31]. Observations of the large-scale structure
will thus be of great importance in strengthening con-
straints on the possible non-Gaussian origins of a power
asymmetry.
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